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In this article, a modiﬁed formulation of the well known Lagergren pseudo ﬁrst order rate
equation is suggested. The equation is obtained simply by substituting the mass balance
equation of a single stage batch-type system into integrated ﬁrst order rate equation. The
suggested new formulation relies on maximum sorption (or removal) rather than equilib-
rium  sorption, as given by Lagergren equation. The exact value of equilibrium sorption is
not easy to deﬁne in many cases, and it is shown that the modiﬁed formulation provides
better correlation with sorption data when the process is far from completion.
©  2015 The Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.First order
Sorption
Material balance
and the uncertainty associated with it will be reﬂected onto1.  Introduction
Elucidation of sorption kinetics is essential for designing the
sorption system and deﬁning its overall feasibility. So far, a
number of universal formulations of pseudo ﬁrst and second
order rate equations have been employed for this purpose.
In addition, external mass transfer and intraparticle diffusion
models have also been widely used (Kumar et al., 2005). As far
as ﬁrst order kinetics is considered, Lagergren equation seems
to be the most widely applied equation. This equation was
the ﬁrst rate equation for the sorption of liquid–solid systems
based on solid capacity (Wang et al., 2010). Lagergren equation
ﬁts to a wide range of liquid–solid systems such as metal ions,
dyestuff, in addition to several organic substances in aqueous
systems onto various adsorbents (Ho, 2004). A study on the
characteristic curves of this equation showed that Lagergren
equation can yield superior correlation with the sorption data
over the pseudo second order kinetics for a number of sorption
systems (Tseng et al., 2010). Another important observation
regarding Lagergren equation is that it correlates better with
∗ Tel.: +970 598955054.
E-mail address: tshahwan@birzeit.edu
http://dx.doi.org/10.1016/j.cherd.2015.03.001
0263-8762/© 2015 The Institution of Chemical Engineers. Published by kinetic data in the adsorption systems that are not far from
equilibrium (Rudzinski and Plazinski, 2007). The same study
showed also that the equation can be the limiting form of the
kinetic equations developed by assuming both diffusional and
surface reaction kinetic models.
Most recently, it has been shown that a combination of
the mass balance equation with the second order rate deriva-
tive can yield a pseudo second order rate equation (Shahwan,
2014). In this study, the ﬁrst order rate derivative and the mass
balance equation are combined to integrate a pseudo ﬁrst
order equation. This approach is different from that employed
by Lagergren in deriving his famous ﬁrst order equation for
liquid–solid sorption systems as given in the next section.
The equation proposed by this manuscript, which looks very
similar to Lagergren equation, does not require setting the
experimental value of equilibrium concentration of the sor-
bate (Qe) in order to carry out the kinetic analysis. The exact
value of this parameter is not easy to deﬁne in many  casesthe determined rate constant. It has been reported that in
Elsevier B.V. All rights reserved.
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opite of the nice ﬁt with experimental data, Lagergren equa-
ion failed to predict a correct Qe value (Allen et al., 2005).
lternatively, in the proposed equation, the Qe parameter is
eplaced with maximum sorption (Qmax), a value that can be
alculated using three system variables; namely initial con-
entration, mass of sorbent, and volume of solution. Two
xamples of sorption data are analyzed in this work, and it
s shown that both equations lead to close values when the
emoval is almost complete. However, when the uptake is far
rom being complete, the new equation correlated better with
he experimental results for the case under study.
.  Derivation  and  discussion
n his derivation of pseudo ﬁrst order equation for liquid–solid
orption systems, Lagergren started from a differential equa-
ion of the form dx/dt = k(X − x) (Ho, 2004). Here X refers to the
orption capacity at equilibrium, whereas x stands for the
orption capacity at any time. In the following derivation it
s shown that a mass balance approach can yield a ﬁrst order
quation in which the maximum sorption capacity replaces
he equilibrium sorption capacity, and that Lagergren equa-
ion might be a special case of a more  general equation.
In a batch system and in accordance with the deﬁnition
ade by Morel  and Hering (1993), the net sorption reaction
an be represented by:
(aq) → Q(s) (1)
For a reaction proceeding via a pseudo ﬁrst order rate law,
he differential rate equation is given by:
dC
dt
= k1C (2)
Where C is the liquid concentration of the solute at time t,
nd k1 is the apparent ﬁrst order rate constant. Rearranging
he equation and integrating using the boundary conditions
 = C0 at t = 0 and C = C at t = t (t is any time after the start of the
orption process) yields the well known integrated ﬁrst order
ate equation:
n
C
C0
= −k1t (3)
According to the mass balance equation of a single stage
atch system, the concentration of the sorbed species on the
orbent at any time after the start of the sorption process, Q,
an be calculated using the equation:
 = (C0 − C) V
M
(4)
V is the volume of the solution in contact with the sorbent
f mass M.  If the sorbent is initially free of any sorbed species,
hen Eq. (4) can be used to express the ratio of the concentra-
ion of sorbed species on the sorbent at any time t relative to
ts initial concentration as follows:
C
C0
= 1 − QM
C0V
(5)
Notice that if the sorption process goes to completion; i.e. a
olute is totally removed from solution (i.e. C = 0), the amount
f sorbate would attain its maximum value given by Qmax. Forpractical purposes, the values of C0 and V should not be very
high, and the value of M should not be very small.
Qmax = C0 V
M
(6)
Thus Eq. (5) becomes:
C
C0
= 1 − Q
Qmax
(7)
Substituting this result in Eq. (3) yields:
ln
(
1 − Q
Qmax
)
= −k1t (8a)
The equation can be written also as:
ln(Qmax − Q) = ln Qmax − k1t (8b)
The nonlinear form of these equations is Q = Qmax(1 − e−k1t).
The correlation of the experimental data with the pseudo ﬁrst
order kinetics can be checked by using either of the two  linear
forms above. Qmax needs to be calculated using Eq. (6), and can
be compared with the value obtained from the intercept of the
plot using Eq. (8b).
It is clear that Eq. (8) has a form similar to that of the well-
known Lagergren equation, which is given by (Ho, 2004):
ln
(
1 − x
X
)
= −k1t or ln(X − x) = ln X − k1t (9)
However, it is different in a basic aspect; while X corre-
sponds to equilibrium loading of the sorbent which needs
to be determined experimentally in order to apply Lagergren
equation, Qmax corresponds to the theoretical maximum sorp-
tion (or removal) which is readily calculated from the mass
balance. Any error/uncertainty in the experimentally deter-
mined X value (or Qe as widely reported in literature) will be
reﬂected in the value of the rate constant determined by linear
regression. In Eq. (8), however, Qmax bears no such risk.
It is necessary, nevertheless, to stress that the suggested
formulation – as it is the case with similar universal for-
mulations – yield ‘observed’ rate constants which do not
reﬂect speciﬁcities and particularities of sorption systems that
contribute to apparent kinetic behavior. Such particularities
include mass transport and diffusion effects, concentration of
sorption sites, and mechanistic details of sorption. In spite of
this, the formulation can still be useful and facile to apply for a
wide range of sorption systems, especially when comparative
approaches are followed.
Based on the same mass balance approach it can be shown
that Lagergren equation is associated with high sorption
extents, a result which was earlier shown by Azizian in his
derivation of pseudo ﬁrst and second order equations based
on a surface coverage approach (Azizian, 2004). By making use
of Eq. (4), the following expression can be written:
1 − Q
Qe
= C0 − Ce
C0 − Ce
− C0 − C
C0 − Ce
(10)
Rearranging the right side gives:1 − Q
Qe
= C − Ce
C0 − Ce
(11)
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Fig. 1 – Variation of the liquid concentration of Malachite
Green dye with time.
0 10 20 30 40 50 60 70
1.0
1.5
2.0
2.5
3.0
3.5
4.0
ln
 (Q
e-
Q
)
t (min)
(a) 
0 10 20 30 40 50 60 70
0
5
10
15
 Experimenta l
 Calculated
Q
 (m
g/
g)
t (min)
(b) 
Fig. 2 – (a) Linear plot of MG kinetic data using Lagergren
equation, (b) comparison of the experimental values of Q
(mg/g) for MG  with the values calculated from Lagergren
equation.Now, if we  assume that: (i) the sorption percentage is very
high (Ce  C0), and that (ii) the equilibrium concentration Ce
is very small compared to solute concentrations at the initial
stages of sorption (Ce  C), then we can write:
1 − Q
Qe
= C
C0
(12)
Substituting this result in Eq. (3) will yield Lagergren equation
as given in Eq. (9), with x and X replaced by Q and Qe.
Notice that the second assumption necessitates that the
sorption data corresponding to the very initial time intervals
of sorption be used in the regression analysis and evaluation of
the apparent rate constant, k1. This condition is not required
when Eq. (8) is applied and all the experimental data corre-
sponding to the pre-equilibrium interval can be employed in
the regression analysis.
In order to compare the output of Eq. (8) with that of Lager-
gren equation, a set of experimental data corresponding to
removal of Malachite Green (MG) dye by iron particles was ﬁt-
ted to both equations. The data obtained during the ﬁrst two
hours of contact, at which 70% of the dye was removed, are
plotted in Fig. 1 and are also given in Table 1. The data was
ﬁrst ﬁtted using Lagergren equation, and the linear ﬁt is shown
in Fig. 2a. In order to carry out the corresponding ﬁt, Qe was
taken as 17.5 mg/g, which is the value corresponding to the
last experimental point. The rate constant and the coefﬁcient
2 −1of determination (R ) were found as 0.0283 min and 0.9643,
respectively (Fig. 2a, Table 2). On the other hand, when Eq. (8)
Table 1 – Concentration of Malachite Green in solution
and on iron particles obtained at various times of
contact. The corresponding values of percentage dye
removal are also shown. (Initial dye concentration is
25 mg/L, mass of iron powder is 0.050 g, volume of
solution 50 mL.).
Time (min) C (mg/L) Q (mg/g) % removal
0 25 0 0
14 22.8 2.2 8.8
23 18.4 6.6 26.4
40 15.0 10.0 40.0
62 10.6 14.4 57.6
120 7.5 17.5 70.0was used the rate constant was determined as 0.0142 min−1
and the R2 value was 0.9851 (Fig. 3a, Table 2). It is well known
that R2 value corresponds to the percent of the data that is the
closest to the line of best ﬁt, and it is clear that Eq. (8) yields a
higher percentage. Moreover, the linear correlation coefﬁcient
(R) values were calculated for 3–5 data points using the linear
regressions obtained by Lagergren equation and Eq. (8). The
obtained R values were 0.9387, 0.9804, 0.9925 when Eq. (8) is
used, and 0.9321, 0.9788, 0.9820 when Lagergren equation is
used. This indicates a stronger linear correlation over all the
linear segments of the data points upon using Eq. (8).
Based on the obtained rate constants, the half life times
(t1/2 = ln 2/k1) were also calculated and compared. As shown in
Table 2 – Linear regression results obtained using Eqs.
(8) and (9) (Lagergren equation) for MG  and MO  removal
by nano iron.
Dye Eq. (8) Eq. (9)
k1 (min−1) t1/2 (min) R2 k1 (min−1) t1/2 (min) R2
MG 0.0142 48.0 0.9851 0.0283 24.5 0.9643
MO 0.0177 39.2 0.9859 0.0189 36.7 0.9898
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Fig. 3 – (a) Linear plot of MG  kinetic data using Eq. (8), (b)
comparison of the experimental values of Q (mg/g) with the
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Fig. 4 – Linear regression plots of MO kinetic data obtained
using: (a) Lagergren equation, (b) Eq. (8).
obtained from the intercept of Fig. 4a is 40.1 mg/g, compared
with the actual value of 44.4 mg/g. On the other hand, based on
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Fig. 5 – Comparison of the experimental values of Q (mg/g)alues calculated from Eq. (8).
able 2, the value of t1/2 obtained based on the rate constant of
q. (8) (48 min) is much more  closer to the experimental value
51 min) than that obtained from Lagergren equation rate con-
tant, as can be veriﬁed by inspecting Fig. 1. Furthermore, the
 values predicted by Eq. (8) are seen to be closer to experimen-
al data (Fig. 3b) compared with those of Lagergren equation
Fig. 2b).
Further comparison was performed using the normalized
tandard deviation deﬁned as (Tseng et al., 2010):
Q% = 100 ×
√∑
[(Qt,exp − Qt,cal)/Qt,exp]2
N − 1 (16)
he obtained Q values were 52% and 81% for Eq. (8) and Lager-
ren equation, respectively, indicating closer results for the
ormer equation.
The two equations were also compared using a set of
inetic data obtained from Methyl Orange (MO) removal by
ron particles (Shahwan, 2014; Shahwan et al., 2011). In this
ase, more  than 98% of the dye was removed in about 5 hours
f contact, and the data corresponding to the ﬁrst two hours
f contact was used in the kinetic analysis. As revealed in
igs. 4 and 5, the linear regression plots are very close, and the
alues predicted by both equations are also close to the exper-
mental data. This is also quantitatively expressed in terms ofthe rate constants, R2 values, and half-life time values given
in Table 2. When Lagergren equation is used, the value of Qefor MO with the values calculated from Lagergren equation
and the values calculated from Eq. (8).
176  chemical engineering research and design 9 6 ( 2 0 1 5 ) 172–176Eq. (8), the Qmax value obtained from the intercept of Fig. 4b
is 41 mg/g compared with the actual value of 45 mg/g. This
forms a further evidence of the close results obtained from
the two equations for the case under study. Very close results
were also obtained when the R values were calculated for 3–5
data points using the linear regressions obtained from Lager-
gren equation and Eq. (8). The obtained R values were 0.9935,
0.9985, 0.9949 when Lagergren equation is used, and 0.9938,
0.9984, 0.9929 when Eq. (8) is used.
Based on these preliminary results it seems that as the per-
centage removal of the dye increases, the two equations tend
to provide closer results. The results conﬁrm earlier ﬁndings
suggesting that Lagergren equation correlates better with high
sorption extent (Rudzinski and Plazinski, 2007; Azizian, 2004).
This looks logical given that as the extent of sorption increases
the Qe value gets closer to Qmax value.
3.  Conclusions
A modiﬁed formulation for pseudo ﬁrst order kinetics is sug-
gested in this paper. The Qe (or X) parameter in Lagergren
equation is replaced with a ﬁxed value that can be calcu-
lated using the initial concentration, mass of sorbent, and
volume of solution. This value corresponds to the sorbate
uptake when the sorption/removal process goes to comple-
tion, and is termed as Qmax. Two examples of dye sorption data
were analyzed. In one of them the dye removal is nearly com-
plete while in the other the extent of dye removal is far from
being complete. The results indicate that both equations lead
to close values when the removal is almost complete. How-
ever, when the uptake is far from being complete, the proposed
new equation provided better results for the case under study.
Further work is being carried out to provide more  supporting
evidences of these preliminary results.Acknowledgements
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